The control of slow and fast light propagation, in the probe transmission in a single experiment, is a challenging task. This type of control can only be achieved through highly nonlinear interactions and additional interfering pathway(s), which is therefore seldom reported. Here, we devise a scheme in which slow light, and a tunable switch from slow light to fast light can be achieved in the probe transmission based on a hybrid setup, which is composed of an optical cavity with two charged nano mechanical resonators (MRs). The two MRs are electrostatically coupled via tunable Coulomb coupling strength (gc) making a quantum opto-electromechanical system (QOEMS). The parameter gc that couples the two MRs can be switched on and off by controlling the bias voltages on the MRs, and acts as a tunable switch that allows the propagation of transmitted probe field as slow light (gc = 0) or fast light (gc = 0). In our scheme, the magnitude of delay and pulse advancement can be controlled by tuning the Coulomb interaction and power of the pump field. Furthermore, we show that slow light regime in our model is astonishingly robust to the cavity decay rate. In comparison with previous schemes, our scheme has clear advantages that empowers the state-of-the-art photonic industry as well as reflects the strength of emerging hybrid technologies.
I. INTRODUCTION
Electromagnetically induced transparency (EIT) [1] [2] [3] [4] [5] [6] [7] , which is a quantum interference phenomenon that takes place when two laser fields excite resonantly and two different transitions share a common state, provides counter-intuitive ways that how a strong laser field can dress a dielectric medium which leads to the modification of the absorptive and dispersive characteristics of the medium [8] . This alters the group index of the medium such that group velocity of a weak probe laser injected in the dressed medium can be modified in a controllable fashion, which engenders slow and fast (a.k.a. superluminal) light effects [8] [9] [10] [11] [12] [13] .
Various techniques have been developed to realize slow and fast light in atomic vapors and solid-state media [8, 11] . Techniques related to photon-echo spectroscopy, such as atomic frequency combs [14] and controllable reversible inhomogeneous broadening [15] , have been used to efficiently achieve quantum memories via quantum storage and optical buffering. On the other hand, the rapid dephasing rates and inhomogeneous broadening of solid-state electronic resonances, have suggested a plethora of methods and techniques to control the propagation of light. For instance, the techniques based on stimulated Brillouin scattering (SBS) in fibers [16] and coherent population oscillations (CPO) [17] have been used to significantly delay classical light fields. In chipscale photonics, dynamically tunable arrays of cavities in EIT configuration, are an intriguing analogue to ensembles of atoms and provide a route to slowing and even stopping light pulses all-optically [18, 19] . * javed quaidian@yahoo.com Recently, the field of cavity optomechanics has cemented present-day photonic technology in view of its promising applications from microscopic to macroscopic domains [20] [21] [22] [23] . In optomechanical resonators, an optical mode couples to mechanical vibrations via radiation pressure induced by circulating optical fields [20] . Generally, the combination of additional matter-like systems (for example, mechanical membranes [24] [25] [26] [27] , single multi-level atoms [28] [29] [30] [31] [32] and Bose Einstein Condensate/Fermions [33] [34] [35] ) with these opto-mechanical resonators, leads to the emergence of hybrid quantum systems [22, 36, 37] , which serve as basic building blocks from quantum state-engineering to the quantum communication networks [38] [39] [40] . Due to the ubiquitous nature of the mechanical motion, such resonators couple with many kinds of quantum devices, from atomic systems to the solid-state electronic circuits [32, 41] . An excellent example of such a system is quantum electromechanical system (QEMS) [41] [42] [43] . QEMS is a device [41] [42] [43] [44] [45] where, in the observable behavior, the quantum nature of either the electronic or mechanical degrees of freedom becomes important. Such a system was earlier suggested by Wineland et al. [46, 47] , and later by Zoller & Tian [42] and Milburn and co-workers [43] . In QEMS, the two charged cantilevers are coupled electrostatically via Coulomb interaction [43, 46, 48] . In cavity optomechanical and electromechanical systems, the resolved-sideband regime can now be reached with the mechanical frequency far surpassing the cavity bandwidth [49] [50] [51] [52] [53] [54] . Moreover, mechanically-induced transparency due to the destructive interference of the probe field with the anti-Stokes field generated by the pump field [4, 6] and normal-mode splitting in the strong coupling limit [55, 56] have been reported.
Our report is based on combining these electromechanically coupled charged cantilevers with optomechanics, that bridges the traditional quantum optics based OMS with electrostatics based QEMS, providing us a new hybrid testbed, viz. quantum opto-electromechanical system (QOEMS) [41, [57] [58] [59] [60] [61] [62] [63] . In analogy with multi-level atomic systems, hybrid optomechanics empowers us with a coherent control to the engineered couplings that give rise to Fano-like interferences [5] [6] [7] 64] and even double EIT phenomenon [7, 65, 66] . Here, using the hybrid QOEMS, we demonstrate a scheme that provides us a tunable switch from slow light to fast light in the probe transmission. Unlike previous schemes [67] [68] [69] [70] , our scheme owns some favorable features: (i) Two transmission windows appear in our model, due to the additional MR, that causes the high dispersion and leads to the switching mechanism from slow light to fast light in the probe transmission. (ii) Slow light propagation can be observed when both the coupling parameters contribute together, which can be adjusted by controlling the Coulomb coupling strength and the pump power. (iii) Slow light regime in our model is astonishingly robust to the cavity decay rate. (iv) A tunable switch from slow light to fast light can be obtained by turning off the Coulomb coupling strength as g c = 0, which can be adjusted by the pump power. (v) Both slow and fast light effects can be observed in the probe transmission in a single experiment.
II. THE MODEL FORMULATION
A schematic representation of our proposed model is illustrated in Fig. 1 . We consider a realistic optomechanical system, composed of a high Q Fabry-Pérot cavity of length L, with a fixed mirror and a movable nano mechanical resonator (MR). Specifically, the mechanical resonator consists of two charged MRs, where the M R 1 of the optomechanical cavity couples to the cavity field via radiation pressure, as well as electrostatically coupled to another movable oscillator outside the cavity (i.e., MR 2 ) through the tunable Coulomb coupling strength, viz. g c . Such an eletromechanical subsystem in our QOEMS was earlier suggested by Wineland et al. [46, 47] , and later by Milburn and co-workers [43] , and Zoller & Tian [42] where an ion is trapped between two parallel suspended electrodes represented by MRs (or nanowires or nanotubes). This coupling can be switched on and off using an external bias voltage at an electrode on the oscillators, where MR 1 is charged by the bias gate voltage V 1 and subject to the Coulomb force due to another charged MR 2 with the bias gate voltage −V 2 . Thus, the system has usual optomechanical coupling (g o ), and the additional tunable Coulomb coupling (g c ), forming a hybrid quantum eletro-optomechanical system (QOEMS). The optomechanical cavity is simultaneously driven by an intense pump field of frequency ω l , and a weak probe field of frequency ω p , along the cavity axis. Hence, under the rotating reference frame at the frequency ω l of the strong driving field, the total Hamiltonian of the system can be written as:
where ∆ c = ω c − ω l and δ = ω p − ω l are the detunings of the cavity field frequency and the probe field frequency respectively, with strong pump field frequency ω l . In Eq. [42, 43, 65] ; where MR 1 and MR 2 take the charges C 1 V 1 and −C 2 V 2 , with C 1 (C 2 ) and V 1 (−V 2 ) being the capacitance and the voltage on the mirrors respectively, and x 0 is the equilibrium separation between the two oscillators. Finally, the last two terms correspond to the classical light fields (pump and probe fields) with frequencies ω l and ω p , respectively. Furthermore, Ω l and ε p are related to the laser power P by |Ω l | = 2κP l / ω l , and ε p = 2κP p / ω p .
Since here we deal with the mean response of the coupled system to the probe field, we identify the expectation values of all the operators. By taking the corresponding dissipation and fluctuation terms into account, and using the mean field approximation [7] , i.e. qc = q c , the mean value equations are given by,
Here, γ 1 and γ 2 are the decay rates associated with MR 1 and MR 2 , respectively. As we encounter the expectation values of all the operators in Eq. (2), therefore, we drop the quantum Brownian noise and input vacuum noise terms which average to zero. In order to acquire the steady-state solutions of the above equations, we make the ansatz [6, 7] : (2) and upon working to the lowest order in ε p , we obtain the following steady-state solutions:
, and ∆ = ∆ c −gq 1s is the effective detuning. In order to investigate the optical property of the output field, we use the standard input-output relation [4] : c out (t) = c in (t)− √ 2κc(t), where c in and c out are the input and output operators, respectively. By using the above input-output relation and the ansatz for c(t) , we can obtain the expectation value of the output field as [6, 13] ,
Now, the transmission of the probe field, which is ratio of the returned probe field from the coupling system divided by the sent probe field [4, 6] , can be acquired as
Importantly, for an optomechanical system, the presence of the pump laser not only induce a strong modification of the transmission of the probe field, but also leads at the same time to a rapid variation of the phase of the transmitted probe field across the transmission window. The rapid phase dispersion [6] , that is, φ t (ω p ) = arg[t p (ω p )], can lead to significant group delays in analogy to that we achieve with EIT in atomic [74, 75] and in solid-state media [6, 13] . The transmission group delay [4, 6] is given as
where, τ g > 0 and τ g < 0 respectively, correspond to slow and fast light propagation [6, 8, 13] . In the following section, we show that two transmission windows occur due to additional mechanical oscillator in the hybrid optoelectromechanical system. The parameter g c serves as tunable switch that causes the normal dispersion (slow light) when it is present, and yields anomalous dispersion (fast light) when it is zero (or off). Consequently, we expect slow and fast light regimes in the probe transmission in hybrid QOEMS.
III. RESULTS AND DISCUSSIONS
In order to quantify the slow and fast light effects of the transmitted probe field, in our numerical simulations, we choose experimentally realizable parametric values of the optomechanical system. We use the parameters from recent experiment [53] : L =25 mm, λ =1064 nm, ω i /2π = 947 KHz (i = 1, 2), Q i = ωi γi = 6700, m i = 145 ng, κ/2π = 215 KHz, P l = 6 µW, and g c /2π = 8 × 10
6
Hz/m 2 [42] . Note that ω 1 > κ, therefore, the system operates in the resolved-sideband regime [6, 71] . In the following subsections, we explain the occurrence of slow and fast light regimes in the QOEMS, for g c = 0 and g c = 0, respectively. 
A. Slow light regime
We consider Coulomb interaction (g c ) between the two oscillators together with optomechanical coupling g o , in the QOEMS, to control the propagation of the probe field. In Fig. 2 , we plot the transmission spectrum of the probe field as a function of normalized probe detuning δ/ω 1 for different values of Coulomb coupling g c . Here, δ = δ − ω 1 is the probe detuning from the line center. In the absence of the Coulomb coupling i.e. g c = 0, in Fig. 2 , we see that a single peak in the transmission spectrum appears, at δ = 0 (δ = ω 1 ) in agreement with a previous report for a single MR [4] .
However, the characteristics of the transmitted probe field changes in the presence of the Coulomb coupling between the two MRs and remarkably two windows occur in the probe transmission spectrum with different centers. Figure. 2 illustrates that increasing the value of the Coulomb coupling broadens the central window, and the two central peaks in the transmission spectrum are further and further apart. Analytically, we note that when there is no Coulomb coupling, g c = 0 (i.e. α = 0) between the two MRs, see Eq. (3), which reduces to Eq. (5) in Ref. [71] . However, different from the output field in Ref. [71] which involves a single center frequency for the single transparency window, there are two centers with different frequencies in our model due to the Coulomb interaction. Consequently, under the action of the radiation pressure and the probe field, two transparency windows appear in the transmission profiles. This effect is analogous to the phenomenon of double EIT, that has been extensively reported in various hybrid systems, e.g. in plasmonic nanocavity [72] , hybrid optomechanics [7] and optomechanical ring cavity [73] .
In Fig. 3 , we present the phase of the probe field versus the normalized probe detuning δ/ω 1 for g c /2π = 0.1, 0.2 MHz/m 2 (solid curve, dashed curve). Due to the presence of two MRs, we observe a high positive dispersion indicating the occurrence of slow light in the probe transmission. In the control of slow light, it is always advantageous to obtain the high dispersion as it greatly alters the group delay of the pulse injected in the transparent medium [6, 8] . Here, we show that by exploiting the electromechanical coupling g c in the hybrid QOEMS, high dispersion is acquired.
In order to examine the quantitative features of the probe propagation with subject to the electromechanical coupling g c , we present the group delay τ g versus the pump power P l in Fig. 4 . A positive group delay indicates a slow light in the transmitted probe field in the presence of g c as expected. We note that: (i) slow light occurs when the Coulomb interaction dominates the optomechanical coupling, and the magnitude of the delay can be increased with increase in g c , as shown in Fig. 4(a) . Here κ is fixed, and g c takes different values. (ii) In Fig. 4(b) , group delay τ g is shown for g c /2π = 8 MHz/m 2 , and for the different values of κ. Surprisingly, we see that with increase in κ, the magnitude of delay increases, which reflects that our slow light regime is robust against the cavity decay rate, which is seldom reported before. This directly confirms the occurrence of slow light regime men-tioned in (i), which shall become clear in the later discussion where we obtain the superluminal behavior of the probe field by keeping the parameter, g c , as switched off. At grass-root level, the underlying mechanism behind the robustness of slow light confirms the basis of cavity optomechanics and theory of radiation pressure. This can be understood as follows: Under the constant Coulomb interaction and the constant drive (pump field), the equilibrium position follows the strain of the MR. With the increase in κ, the radiation pressure on MR 1 decreases, while both the MRs will acquire large displacement to provide large strain in order to compensate the reduced radiation pressure [20, 41] . The transmission spectrum becomes narrower for the larger displacement of the MRs. In this way, slow light regime in QOEMS is robust against the cavity decay rate κ.
B. Fast light regime
Here, we consider the case when Coulomb coupling is switched off or very small, i.e. g c ≃ 0. This reduces the hybrid QOEMS to a single-ended OMS. For the present case, in Fig. 5 , we show the transmission |t p | 2 of the probe field as a function of normalized probe detuning (δ/ω 1 ), for different values of optomechanical coupling g o . We see that, in the absence of pump laser, i.e. g o = 0, a standard Lorentzian curve [4, 13] appears (thick-solid curve) as shown in Fig. 5 . However, in the presence of intense pump laser, the transmission spectrum of the probe field shows a prominent transparency window at the resonant region, viz., δ ∼ ω 1 . Form Fig. 5(a) , it can be seen that transparency window broadens and becomes more transparent by increasing the optomechanical coupling, in agreement with previous reports [4, 6, 13, 67] . Nevertheless, it reflects that our approach is an extension of previously reported single-ended cavities, here our motivation is to acquire a tunable switch that permits us to explicitly control both slow light and fast light propagation in the probe transmission.
In Fig. 5(b) , we plot the phase as a function of normalized probe detuning. Note that, the phase of the probe field suffers a steep negative dispersion around δ = 0, as shown in Fig. 5(b) . This rapid phase change leads to the change in group delay of the probe field such that fast light effect takes place. Figure. 6 displays the group delay for the different values of cavity decay rate κ. The group delay is negative, which reveals that we observe the fast light propagation (pulse advancement) in the transmitted probe field, when g c is switched off. From figure 6 , it can be seen that for decrease in κ, magnitude of pulse advancement increases. Thus, longer the lifetime of the resonator, more obvious to see the superluminal behavior.
We emphasis that we observed both the phenomena, slow and fast light behavior of the probe field through the transmission. However previously it is reported that the slow light occurs in the probe transmission and fast light occurs in the reflected field [4, 6, 67] . Thus, we report a tunable switch based on a transition from slow light to fast light as a function of g c , and the robustness of slow light against the dissipation. This clarifies the advantage of our scheme in contrast to the earlier reports [13, [67] [68] [69] [70] .
IV. CONCLUSION
The following conclusions apply to our reported work: (i) By utilizing the hybridization of optomechanical and electromechanical systems, we report that both slow and fast light behaviors can be achieved in a single hybrid experimental setup. (ii) In contrast to the previous schemes, two tunable transmission windows occur in our model due to the additional MR, that provides us a tunable switching mechanism from slow light to fast light. (iii) We observed slow light in the transmitted probe field in the presence of Coulomb coupling strength, and witnessed that slow light regime in our model is robust to the cavity decay rate. (iv) A tunable switch from slow light to fast light can be obtained in our model by adjusting the Coulomb coupling strength as g c = 0. (v) Both pulse delay and advancement can be observed in the probe transmission in a single experiment. Slow and fast light characteristics demonstrate great potential in many applications, including integrated quantum optomechanical memory, designing novel quantum information processing gates, classical signal processing, optical buffers for telecommunication systems, delay lines and interferometry.
